THE CAUCHY PROBLEM FOR DARBOUX INTEGRABLE SYSTEMS AND 
NON-LINEAR D'ALEMBERT FORMULAS 



I. M. ANDERSON AND M. E. EELS 
Dedicated to our good friend and collaborator Peter J. Olver on the occasion of his sixtieth birthday 

Abstract. To every Darboux integrable system there is an associated Lie group G which is a 
fundamental invariant of the system and which we call the Vessiot group. This article shows that 
solving the Cauchy problem for a Darboux integrable partial differential equation can be reduced 
to solving an equation of Lie type for the Vessiot group G. If the Vessiot group G is solvable 
then the Cauchy problem can be solved by quadratures. This allows us to give explicit integral 
formulas, similar to the well known D'Alembert's formula for the wave equation, to the initial 
value problem with generic non-characteristic initial data. 



1. Introduction 

The solution to the classical wave equation uu — u^x — with initial data u{0,x) = f{x) and 
Ut(0, x) — g(x) is given by the well-known D'Alemberts' formula 

(1.1) u{t, x)^\ {fix -t) + fix + t)) + l J^^^' giOdt 

In this article we characterize a broad class of differential equations where the solution to the Cauchy 
problem can be expressed in terms of the initial data by quadratures. 

The family of equations which we identify that can be solved in this manner are a subset of the 
partial differential equations which are known as the Darboux integrable equations. The results we 
present here are for the classical case of a scalar Darboux integrable equation in the plane but these 
results do hold in the more general case of a Darboux integrable exterior differential systems. An 
example of such equations is the non-linear hyperbolic PDE 

'^x'^y 
"^xy — • 



With initial data given along y = x hy w(x,x) = fix) and Uxix,x) = ^if'i^) + gi^)) we find that 
the analogue to (jl.ip is 

uix, y)^x + ifiy) - G^*)"^* + e G^t (^J^ cmt^^^ 
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where 

(I 2) G(t) - 

A fundamental invariant of a Darboux integrable system called the Vessiot group was introduced 
in [2] . The Vessiot group G is a Lie group which plays an essential role in the analysis of many of 
the geometric properties of Darboux integrable equations [3] , [4] . This is also true when solving the 
Cauchy problem for these systems. 

Theorem 1.1. Let F{x,y,u^Ux,Uy,UxxiUxy,Uyy) — be a hyperbolic PDE in the plane. If F (or 
its prolongation) is Darboux integral then the initial value problem can be solved by an equation of 
fundamental Lie type for the Vessiot group G. If G is simply connected and solvable, then the initial 
value problem can be solved by quadratures. 

Theorem ll.il can be viewed as a generalization of the classical theorem of Spophus Lie on solving 
an ordinary differential equation by quadratures [15] . This theorem states that the general solution, 
or the solution to the initial value problem, of an n*^ order ordinary differential equations with an 
n-dimensional solvable symmetry group can be solved by quadratures. While this classical result on 
integrating ODE's has motivated our work, there is one fundamental difference between this classical 
result for ODE and Theorem ll.il In Theorem 1 1.1 1 the group G is not a symmetry group of the PDE 
F = 0. 

In [8] it is shown how the initial value problem for Darboux integrable hyperbolic systems can 
be solved using Frobenius' Theorem. The approach we take here is quite different. By using the 
quotient representation for Darboux integrable hyperbolic Pfaffians systems constructed in 2], we 
show that the initial value problem can be solved by solving an equation of fundamental Lie type 
for the Vessiot group G. This, in turn, allows us to conclude that if the group G is solvable, then 
the initial value problem can be solved by quadratures. The relationship between our approach and 
the approach given in [5] is described in Appendix [X] 

2. Pfaffian systems and reduction 

In this section we give the definition of a Pfaffian system and summarize some basic facts about 
their reduction by a symmetry group. 

2.1. PfafRan systems. A constant rank Pfaffian system is given by a constant rank sub-bundle 
/ C T*M . An integral manifold of / is a smooth immersion f : S M such that /*/ = 0. If S" is 
an open interval, then we call / an integral curve of /, [6]. 

A local first integral of a Pfaffian system / is a smooth function / : t/ R, defined on an open 
set U C Af , such that df G /. For each point x G M we define 

(2.1) I^ = { dfx I / is a local first integral, defined about x }. 

We shall assume that /°° = Uksm^k" ^ constant rank bundle on M . It is easy to verify that 
I°° is the (unique) maximal, completely integrable, Pfaffian sub-system of /. Granted additional 



regularity conditions (see below), the bundle I°° can be computed algorithmically using the derived 
sequence of /. 

The derived system /' C / of a Pfaffian system / is defined pointwise by 

/; = span{ d^\ee S{I) , and de = mod / }. 

The system I is integrable if it satisfies the Frobenius condition /' = /. Letting /*^°) — I, and 
assuming /('^^ is constant rank, we define the derived sequence inductively by 

/(fe+i) = (j(fe))'^ fc = 0,l...,7V 

where N is the smallest integer where = /(^). Therefore I°° = /'^^ whenever the sets /^'^^ 

are constant bundles. More information about the derived sequence can be found in [6 . 

2.2. Reduction of PfafHan systems. A Lie group G acting on M is a symmetry group of the 

Pfaffian system / if 

9*1 = 1 

for all g £ G. The group G acts regularly on M if the quotient map qc : M M/G is a smooth 
submersion. Let F denote the infinitesimal generators of the action of G and F C T*M its pointwise 
span then T — ker(qG*). Assume from now on that the action of G on M is regular and a symmetry 
group of /. 

The reduction //G of / by a symmetry group G is defined by 

(2.2) I/G^{0 e A^(M/G) \qh^el }. 

Let ann(/) C TM be the annihilating space of /. It is easy to check that I/G is constant rank if 
and only if F n ann(/) is constant rank [1] in which case rank(//G) = rank(/) — rank(r n ann(/)). 
The annihilating space ann(/) is G invariant and satisfies [12) . 

(2.3) qG*(ann(/)) = ann(//G). 

For examples on computing I/G, applications, and more information about its properties see [1], 

For a constant rank Pfaffian system /, the symmetry group G is said to act transversally if 

(2.4) ker(qG*) n ann(/) = 0. 

The following basic theorem which follows directly from Theorem 2.2 in [3] illustrates the importance 
of the transversallity condition ()2.4|) . 

Theorem 2.1. Let G be a symmetry group of the constant rank Pfaffian system I on M acting 
freely and regularly on M and transversally to I' . Then I/G is a constant rank Pfaffian system and 
{I')/G = {I/G)' . Furthermore, if "f : (a, 6) — M/G is a one- dimensional integral manifold of I/G, 
then a lift a : (a, b) — ?> Af 0/7 defining an integral manifold of I can be found by solving an equation 
of fundamental Lie type. 
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If g is the Lie algebra of G, then given a curve a : R — >■ g, the system of ODE 



for the curve A : R — > G is called an equation of fundamental Lie type. See pg. 55 in jS^ for more 
information of equations of Lie type. If G is simply connected and g is solvable, then an equation 
of fundamental Lie type can be solved by quadratures. See Proposition 4 pg. 60 of [5]. 

Proof. The first parts of the theorem are proved in [T] . For the last part of lifting the integral curve 
7 we begin by noting that since G is free we may, by using a G-invariant Riemannian metric on M, 
write 

(2.5) / = q^(//G)®if , 

where q*(//G) is the puUback bundle, and K is its G-invariant orthogonal complement in /. The 
transversality condition (|2.4p implies that 

rank(i4') = dimG and ann{K) fl kei{qo*) = 0. 

Therefore ann(iir) is a horizontal space for the principle bundle M — > M/G. Consequently since 7 
is an integral curve of I/G, a lift a which is an integral curve of / satisfies on account of equation 
(|2.5p . <J*{K) — 0. Therefore cr is a horizontal lift for the connection a.nn{K) on the principal bundle 
M. But the system of ODE determining a horizontal lift for a connection on a principal bundle is 
precisely an equation of fundamental Lie type for the structure group G |14) . | 

Remark 2.2. There are two standard ways to find the lift a : (a, b) — > A/ of 7. To describe them 
let j/o G M satisfy qclyo) — 7(^0) a-nd we find a lift satisfying cr(to) = yo- 

The first way is to start with any lift a : (a, b) M of 7 satisfying cr(to) = Ho- Then look for a 
lift (T(t) — A(t)(7(t) where A : (a, 6) G and X{to) = cg- Requiring a be an integral curve of / is 
equivalent to A satisfying an equation of fundamental Lie type. The equation is easily determined 
algebraically from I and a. 

The second way to find the lift a is to assume 7 : (a, b) — >■ AI/G is an embedding and let 
iS* = 7(a, 6). Theorem 1 2 . II states that (^)q-i(5) is an equation of fvmdamental Lie type in the sense 
of [To] or [11]. We then compute the maximal integral manifold through yo G qQ^{S) using the fact 
that the restriction of / to qQ^{S) is an equation of Lie type. 

3. Hyperbolic Pfaffian systems 

A constant rank Pfaffian system / is said to be hyperbolic of class s if the following holds. About 
each point x ^ AI there exists an open set U and a coframe { 9^ , . . . , 9^ , Q, n, uj, tt } on J7 such 
that 

/==span{ 9\...,9'' } 
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and the following structure equations hold, 

de' = mod / 1 < i < s - 2 

(3.1) de"-'^ =Lu Art mod/ 

dO'^ = w A TT mod /. 

The two PfafEan systems V and V defined by 

(3.2) F = span{ 6l^ TT, w }, F = span{ 6'\ tt, cD } 

are called the associated characteristic or singular subsystems of /. They are invariants of 
I. Let V°° and V°° be the corresponding subspaces of first integrals for the singular Pfaffian 
systems p.2p for the hyperbolic Pfaffian system /. The sets V°° and V°° are called the spaces of 
intermediate integrals of / or the Darboux invariants of /. The hyperbolic system / is said to be 
Darboux integrable if I°° — 0, and 

(3.3) y + = T*Af, and + F = T*M. 

See [5] and Theorem 4.3 in [31. In particular Theorem 4.3 in [3 shows that the conditions in p.3p 
imply 

(3.4) V°°nV°° ^ 0. 

In the article [S] the theory of hyperbolic systems is developed in detail. In [2 the notion of a 
decomposable differential system was defined which includes hyperbolic systems as a special case. 
See Section [5.21 for information on decomposable systems. 

The characteristic directions for a hyperbolic system / with singular systems V and V are ann(l^) 
and ann(y) [S]. A non-characteristic integral curve is an immersion 7 : (a, &) — M which is a one- 
dimensional integral manifold of / such that 

(3.5) 7(t) ^ 'Ann{V) and j{t) ^ a.nn{V) 

for all t G (a, 6). Given a non-characteristic integral curve 7 : {a,b) M of /, a solution to the 
Cauchy or initial value problem for 7 is a 2-dimensional integral manifold f : N M of I such 
that 'j{a,b) C f{N). A local solution to the Cauchy problem about a point x £ j{a,,b) is an open 
neighbourhood U C M, x £ U, and an 2-dimensional integral manifold f : N M oi I such that 
7(a,6)nf/C/(7V). 

Hyperbolic Pfaffian system of class s = 3 are closely related to hyperbolic partial differential 
equations in the plane TS . Specifically, a hyperbolic PDE in the plane 

(3.6) F{x, y, u, Ux,Uy, u^x^u^y, Uyy) = 

defines a 7 dimensional submanifold M C J^(R^, R). Let / be the rank 3 Pfaffian system which is 
the restriction of the rank 3 contact system on J'^(R^, R) to M. The following structure equations 
proven in [T3] show that / is a class s — 3 hyperbolic Pfaffian system. 



Theorem 3.1. Let I be the rank 3 Pfaffian system on the 7 -manifold M defined by the hyperbolic 
PDE in the plane in p.6[) . About eachpointx G M there exists a local coframe l^*', 7r''}o<z<2,i<a,<2 
such that 

/ = span{ 9°, d\ 6*2 }, 

and 

dd" ^0^ Alu^ +0^ Alu^ mod 61° 

(3.7) d9^ =uj^ Att^ + ni0^ Att^ mod0",0^ 

^6*2 = A vr^ + ^2^^ A TT^ mod 0^,0^ 

where ^1,^2 are the Monge- Ampere invariants. The invariant conditions fii — fj,2 — are satisfied 
if and only if (I3.6P is locally a Monge- Ampere equation. 

The article by Gardner and Kamran [T3] gives an algorithm to construct the coframe in equations 
p. 71) . The corresponding singular systems V and V are denoted by C{lF,dMi) and C(Ii?,dM2) in 
[13] and are given in the frame p.7p as 

V = {d\0'^,d'^,uj\TT^} and V = {0^,6^,6^, u'^,tt'^}. 

4. The Vessiot group and the quotient representation 

4.1. The quotient representation. We now explain the fundamental role played by the quotient 
of a Pfaffian system by a symmetry group in the theory of Darboux integrability. See section 6, page 
20, in [3] (with L = Gdiag) for more information and detailed proofs of the following fundamental 
theorem. 

Theorem 4.1. Let Ki,i = 1,2 be constant rank Pfaffian systems on Mi, i — 1,2 of codimension 2, 
and satisfying K°° = 0. Consider a Lie group G which acts freely and regularly on Mi, is a common 
symmetry group of both Ki and K2 and acts transversely to Ki and K2. Assume also that the action 
of the diagonal subgroup Gdiag C G x G on Mi x M2 is regular and acts transversely to K[ + K2 . 
Then 

[i] The sum Ki + 1{^2 on Mi x M2 is a constant rank Darboux integrable hyperbolic Pfaffian system. 

[ii] The singular Pfaffian systems for Ki + K2 are 

(4.1) W = Ki+ T*M2 and W = T*Mi + K2. 

[iii] The quotient differential system L = {Ki + K2) / Gdia.g on M ~ {Mi x A/2)/Gdiag is a constant 
rank hyperbolic Pfaffian system which is Darboux integrable. 

[iv] The singular Pfaffian systems for L are, 

V = {Ki+ r*Af2)/Gdiag = W^/Gdiag and V = {T*Mi + i^2)/Gdiag = W^/Gdiag- 

[v] The intermediate integrals for I are, 

V^ = {0 + T*M2)/Gdiag = t^°°/Gdiag and = {T*Mi + 0)/Gdiag = M^°°/Gdiag. 
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The sums of the type Ki + K2 in Theorem 14.11 are defined precisely as 

(4.2) ifi+X2 = 7r*(i^i)+^*(^2), 

where tt^ : Mi x M2 ^ Mi. 

Theorem 14 . 1 1 shows how Darboux integrable hyperbohc Pfaffian systems can be constructed using 
the group reduction of pairs of Pfaffian systems. It is a remarkable fact, established in [5], that the 
converse is true locally, that is, every Darboux integrable hyperbolic system can be realized locally 
as a non-trivial quotient of a pair of Pfaffian systems with a common symmetry group. The precise 
formulation of this result is as follows. 

Theorem 4.2. Let I be a Darboux integrable hyperbolic Pfaffian system on a manifold M and let 
V and V be the singular Pfaffian systems as in p.2p . Fix a point xq in M and let 

[i] Ml and M2 be the maximal integral manifolds ofV°° and V°° through xq, and 

[ii] Ki and K2 be the restrictions of V and V to Mi and M2 respectively. 

Then there are open sets U C M , Ui C AIi, U2 C M2, each containing xq, and a local action of a 
Lie group G on Ui and U2 satisfying the hypothesis of Theorem \4-l\ and such that 

(4.3) [/ = (C/i X [/2)/Gdiag and Lu - ((i^i + i^2)t/i xc/J /Gdiag, 
and properties [iv] and [v] in Theorem \4-i\ hold. 

The group G in Theorem 14.11 and Theorem 14.21 is called the Vessiot group of the Darboux 
integrable system /. We shall refer to (|4.3|) or [iii] in Theorem 14.11 as the canonical quotient 
representation for a Darboux integrable hyperbolic Pfaffian system L. 

Remark 4.3. It is a non-trivial but algorithmic process to find the group G and its action in 
Theorem 14.21 The Lie algebra of infinitesimal generators of G can be found algebraically, while the 
action may require solving a system of Lie type [S] , [IH] • 

5. Solving the Cauchy initial value problem for Darboux integrable systems 

In this section we solve the initial value problem for a Darboux integrable hyperbolic Pfaffian 
system and give a proof of Theorem 11.11 We show how this is related to the classical approach to 
solving the Cauchy problem for these systems. In the final subsection we outline how the theory 
applies to the more general case of Darboux integrable systems. 

5.1. The Cauchy problem for hyperbolic systems. We begin with a key theorem which shows 
that the lift of a non-characteristic integral curve is again a non-characteristic integral curve. 

Theorem 5.1. Let L be a hyperbolic Pfaffian system which is Darboux integrable and let [Ki + 
^2)/Gdiag fee the canonical quotient representation of I as in Theorem \4.'2\ Let 7 : (a, 6) M be 
non- characteristic integral curve of L and let a : (a, b) — >■ Mi x M2 be a lift of 7 which is a one- 
dimensional integral curve of Ki + K2. Then a is a non- characteristic integral curve for Ki + K2. 

Note that the existence of a in Theorem 15.11 is guaranteed by Theorem 12.11 
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Proof. In parts [i] and [ii] Theorem 14.11 it is noted that Ki + K2 is Darboux integrable with char- 
acteristic systems W = (A'l +T*M2) and W = T*Mi+ K2. Therefore in view of equation ([3?5|) to 
prove Theorem 15. II we need to show 

(5.1) a{t) ^ ann(W^), and &{t) ^ ann(VK) 

for all t € (a, b). 

From part [iv] of Theorem 14.11 and equation (j2.3p we find that, 
(5.2) 

qcdias* fann(W^)) = ann(T?/G) = ann(T>), and qc,,, . (ann(W^)) = ann(Vt^/G) = ann(F). 



Now suppose that a is characteristic at some point so that a-{to) G ann(VF). Then by 

qGd„g*o-(to) e ann(F) 

and hence, since cr is a lift of 7, 7(^0) = flGdiag*'''(^o) G ann(V^). This contradicts the fact that 7 is 
not characteristic. A similar argument applies if we assume (T(to) G W. | 

We also need the following lemma. 

Lemma 5.2. Let a : (a, h) — ?> M\ x he a non- characteristic integral curve of Ki + K2, where Ki 
and K2 satisfy the conditions of Theorem\^.l\ Then the curve ai : {a,b) — ?> Mi defined by 



(5.3) Gi — TTi o a 
is a 1-dimensional integral manifolds of Ki. 

Proof. Applying the definition in ()5.3p we find 

(5.4) <j*{K,) = a*7T:{K,)^0, 

because Tr*{Ki) C Ki + K2 from equation (|4.2|) . and the fact that (J*{Ki + K2) — 0. If we now show 
that Ui : (a, b) — > Ali is an immersions then equation (j5.4p shows that CTj are integral curves of Ki. 
Suppose (ji(io) = 7i'i*(o')(to) ~ then on one-hand, 

(5.5) tT(<o) e ker(7ri,) = 0-Fr*M2. 
On the other hand, by writing 

K^+K2 = {Ki + T*M2) n (T*Ah + K2) 

we have that 

(5.6) CT(to) e ann(ifi + K2) = ann(is:i + T* M2) © ann(r*Mi iCz). 
Then since 

ann(Xi + T*M2) H (0 + TM2) and ann(T*Mi + K2) C (0 + TM2), 
we get from equations (|5.5p and (|5.6p . 

(T(to) e ann(r*Afi + X2) = &Tm{W) 
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which contradicts the hypothesis that a is non-characteristic. A similar argument apphes to 172 and 
so we conclude that the ai : (a, b) — !■ Ali are immersions. | 

Finally the solution to the Cauchy initial value problem can now be given. 

Theorem 5.3. Let 7 : (a, b) ~^ M be a non- characteristic integral curve for the Darboux integrable 
hyperbolic Pfaffian system I with canonical quotient representation (i^i + i^2)/Gdiag- Let a : (a, b) -> 
Ml X M2 be a lift of "/ which is an integral curve of Ki + K2 and let ai : (a, b) — Mi be ai = ni o a 
as in Lemma \5.2l Define the smooth function f : (a, 6) x (a, b) M by 

(5.7) f{t,s)^qG,,J'Ji{t),a2{s)). 

Then f solves the Cauchy problem for 7. 

Proof. We first show that / is an integral manifold of /. Define E : (a, b) x (a, b) Mi x M2 by 

I](i,s) = {ai{t), (72(5)). 

Lemma 15.21 shows that E is clearly a two dimensional integral manifold of Ki + K2 ■ Now by the 
definition of quotient in ()2.2p . qcdiag maps integral manifolds to (possibly non- immersed) integral 
manifolds. The condition that Gdiag acts transversally to Ki + K2, (condition (|2.4|) ) guarantees that 
since S is an integral of K1+K2, the composition qcdiag oE is an immersion. Therefore / = qc^j^^ oE 
is a two-dimensional integral manifold of /. 

We now show that 7(0, b) C /( (a, b) x (a, b) ). All we need to do is set s = t in equation (|5.7|) . 
Since a{t) — {ai{t),a2{t)) we have 

S(i,0 = (lG,,Jc7iit),a2it)) = qcd.., o^(t) = lit)- 

Therefore 7(0, b) C /( (a, b) x (a, b) ). | 

The proof of Theorem II. II is now simple. 

Proof. If F{x,y,u,Ux,Uy,Uxx,Uxy,Uyy) — hyperbolic PDE which is Darboux integrable after k 
prolongations then the k*-^ prolongation of the rank 3 Pfaffian system / in Theorem 13.11 is a 

hyperbolic Pfaffian system of class 3 -I- fc which is Darboux integrable [S] . We then apply Theorem 
15.31 to to solve the initial value problem for I<^> using the prolongation of the initial Cauchy 

data 7 : (a, 6) M which is non-characteristic for I^^^ . The solution / to the Cauchy problem for 
the prolongation projects to the solution to the initial value problem for / and hence F. 

Finally the solution given in Theorem 15.31 onlv requires computing the lift of the initial data 7 to 
an integral curve of Ki + K2 on the product space Mi + M2. This, by Theorem 12.11 only involves 
solving an equation of fundamental Lie type. | 

Remark 5.4. Given a Darboux integrable hyperbolic system /, Theorem 14.21 onlv guarantees that 
/ admits a local quotient representation in the sense that the action of G is local and the quotient 
representation only holds locally ()4.3|) . In this case the implementation of Theorem l5.1l Lemma [5?2] 
and Theorem 15.31 will only produce a local solution to the Cauchy problem. However it is still the 
case that if the Vessiot group G is solvable, then this local solution can be found by quadratures. 
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5.2. Generalization to Darboux Integrable Systems. In this section we outline liow to solve 
the initial value problem in the general case of Darboux integrable PfafSan systems which are not 
necessarily hyperbolic. A simple demonstration is given in Example 16.31 

A PfafBan system I is a called decomposable if about each point x ^ AI there exists an open set 
U C M and a coframe on U given by 

where rii +Pi > 2, 712 +P2 2i 2, ni,n2,Pi,P2j ^ 1; with the properties (see Theorem 2.3 in [5]), 

[i] the Pfafhan system is Ijj — span{0*}, 1 < e < r; 

[ii] the structure equations are 

de'-° EE mod / l<io<ri 

(5.8) dd'' EE A'^^t'' a mod / ri < ii < 

dO'^ = B^^p f " A mod / rs < ^2 < r; 

[iii] and /' = span{6''o}. 

Decomposable systems are generalizations of the hyperbolic systems defined in Section 3. 
The Pfafhan systems V , V defined by 

(5.9) V = span{ e\ f", w'' }, and V = span{ e\ r", u)^ } 

are again called the characteristic or singular subsystems of a decomposable Pfaffian system I. As 
in the case of hyperbolic systems, a decomposable Pfaffian system X is said to be Darboux integrable 
if = 0, and 

(5.10) V + V'^=T*M, V'^ + V = T*M. 

See [2 and Theorem 4.3 in [3]. 

The Cauchy initial value problem for a decomposable Pfaffian systems consists of first prescribing 
an Til + 712 — 1 dimensional non-characteristic integral manifold i : S ^ M which we will assume to 
be embedded. We then need to find an n — ni + n2 dimensional integral manifold f : N M such 
that i{S) C f{N). 

The full generalization of Theorem 1 1.11 is the following. 

Theorem 5.5. Let I he a Darboux integable Pfaffian system. The initial value problem for I can 
be solved by integrating an equation of fundamental Lie type for the Vessiot group G. If G is simply 
connected and solvable, then the initial value problem can be solved by quadratures. 

The steps needed to prove Theorem 15.51 and solve the Cauchy problem are identical to those in 
Section 15.11 Theorems 15.11 and 15. 3[ and Lemma 15.21 have direct generalizations which appear in this 
section. However the proofs of these corresponding results are significantly different. This is due 
to the fact that the condition that S be non-characteristic for a general decomposable system is 
considerably more complex than condition p.5p for a curve to be non-characteristic for a hyperbolic 
system. 
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Theorems 14.11 and 14.21 hold For Darboux integrable systems by simply dropping the codimension 
2 requirement in Theorem 14.11 see [2] and [3]. This provides the canonical quotient representation 
of / used in the following analogue of Theorem 15.11 

Theorem 5.6. Let I be a Darboux integrable Pfaffian system and let {{Ki + if2)/Gdiag, (Afi x 
Af2)/Gdiag) be the canonical quotient representation of I (as in Theorem \4-S^ where G is the Vessiot 
group. Let S C M be a non- characteristic integral manifold of I of dimension ni + 712 — 1. Choose 
xo ^ S and {xi,X2) £ Mi x M2 with qCdiag (^^ii 2:2) = xq, and let L be the maximal integral manifold 
of the fundamental Lie system 

(5.11) (Xl + if2)|q- (5) 

through (xi,X2). Then L C Mi x M2 is an ni + ?i2 — 1 non- characteristic integral manifold of 

K1 + K2. 

See [3] [10] for more information on systems of equations of Lie type. The generalization of 
Lemma [^21 is then the following. 

Lemma 5.7. Let L C Mi x M2 be an ni +712 — 1 dimensional embedded non- characteristic integral 
manifold of Ki + K2, where Ki and K2 satisfy the conditions of Theorem \4-.l\ Then the manifolds 
Li C Mi defined by 

(5.12) L,^Tr,{L) 

satisfy dimLi = 7X2 and diniL2 = ni. 

Applying Theorem 15.61 and Lemma |5 . 71 produces in a manner similar to Theorem 15 . 31 the following 
solution to the initial value problem. 

Theorem 5.8. Let S C M be a non- characteristic tii +712 — 1 dimensional integral manifold for the 
Darboux integrable Pfaffian system I. Let L C Mi x M2 be a lift of S which is an integral manifold 
of Ki -\- K2 satisfying the conditions in Theorem 1 5. (i\ and let Li — 7r,i(L). Then the smooth function 
f : Li X L2 ~> M defined by 

(5.13) f{t,s)^qG,,Jt, s), teLi,seL2. 
solves the local Cauchy problem for L about xq with Cauchy data S C M . 

Theorem 15.61 and Theorem 15 . 81 establish Theorem 15.51 

Remark 5.9. As this paper was near completion we obtained the preprint [16] which gives a detailed 
example of a Darboux integrable wave map system where the solution to the Cauchy problem reduces 
to the integration of a Lie system for SL{2, R). This is a special case of the material from this section. 
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6. Examples 

Example 6.1. For our first example we consider the Darboux integrable partial differential equation 



(6.1) 

We will find the solution to (|6.ip with initial Cauchy data 7 : R — > M given by 
(6.2) 

= [ x,y = x,u = J{x),u^^ = g(x),Uy ^ f (x) - g(x),Uxx ^ g -\ —,Uyy^f 



x-f '-^"^ ' ^ ■ x-f 
where f{x) has no fixed points, by using Theorem 15.31 

The standard rank 3 Pfaffian systems for (|6.ip is given on a 7-manifold M with coordinates 

{x, y, M, Ux,Uy, u^xx^Uyy) hj 

I = span{ 9 = du — Uxdx — Uydy, 9^ — du^ — u^xdx ^—^dy, 9y — duy ^—^dx — Uyydy }. 

U — X U ~ X 



With 



uj = dx, n = Uxd 



ux u — X 



we have 



and 



UJ ^ dy, TT = Uyd , 

d9 = mod /, 

d9x = UJ At: mod /, 

d9y = u) An mod /, 



V°° = span{ dx, d — — , d[ + }, 

ux u — X , 



= span{ dy, d[^]} 



J,y 



The canonical quotient representation for / can be found be found using the algorithm in f2|. We 
find Ml = {{■y,w,Wy,Wyy),Wy > 0), Ml = {{x,v,Vx,Vxx,Vxxx),Vx > 0}, and 

Ki = spanjdw — Wydy, dwy — Wyydy}, 

(6.3) 

K2 = spa.n{dv — Vxdx, dvx — Vxxdx, dvxx — Vxxxdx}. 

The Vessiot group G is the non-Abelian group G — {{a,b), a E R^, 6 £ R} which acts on Mi and 
M2 by 

(a, b) ■ {y, w, Wy,Wyy) = (y, aw - b, awy, awyy), 

(6.4) 

(a, b) ■ {x, V, Vx,Vxx,Vxxx) = {x, av + b, aVx, aVxx, aVxxx)- 
The quotient map qCdiag • -^1 ^ ^'^2 ^ M can be written in coordinates as 

q( y, w, Wy, Wyy, ; X, V, Vx, Vxx, Vxxx ) = 

(6.5) / 

X — X^y — y — X — , Ux — ^ , Uy — ~ , "^xx — J-^x ["^x Jt'^yy 



Vx Vx Vx 
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The fact that / = {Ki + K2)/Gdiag can be seen in coordinates by taking 

V -\- w 
U = X 

from equation (|6.5p and then taking the total x and y derivative of u which recovers the PDE (|6.ip . 

We proceed to solve the initial value problem using Theorem 15.31 by finding a the lift of 7 
given in (|6.2I) . Using the second method of Remark 12.21 we find the 3-dimensional manifold P — 
Ici- (7(^)) ^ ^j^i ^ ^'^2- This is computed from (|6.5p and (|6.2p which in terms of the parameters 
x,v,Vx is given by 
(6.6) 

P = [y ^ x,w ^ {x - f{x))vx -v,Wy = {g{x) - f'{x))vx,Wyy = {g'{x) - f"{x) + {g{x) - f'{x))G{x)) v^; 
X, V, Vx,Vxx = G{x)vx,Vxxx = {G{xY + G' {x))vx) 

where 

9{x) 



(6.7) G{x) 



X - J{x) 

The restriction of the Pfaffian system from equation (|6.3p to P in (|6.6I) is then 
(6.8) {Ki + iir2)|p = span{ dv — Vxdx, dvx — G{x)vxdx }. 

We now choose the point (see Remark [ 



xo=l^x = 0,y = {),u = f{0),ux = g{0),uy = /'(O) - .g(0), 



.g(0)(r(0)-g(0)) g(0)(r(0)-.g(0)) ^ ^ 
u^a; = 5 (0) y^^j^ , ^ f (0) - 5 (0) y^^j^ j eS 

and (xi, 0:2) e Ml x M2 to be (see (|6.6I) ) 

(a:i,X2) = ( y = 0,w = -/(0),u;j, = 5(0) - /'(O),^;^,^ = ^'(0) - /"(O) + (/'(O) - ff(0))G(0) ; 

(6.9) 

X = 0, V = 0, Va; = 1, Waji; = G(0)) 

which satisfies qGj;^^(a;i, 2:2) = a;o = 7(0). We now find the integral curve a of {Ki + K2)\p through 
{xi,X2)- This involves solving the Lie equation from (|6.8I) on P subject to the initial data (|6.9p . 
This easily gives 

(6.10) Vx = efo ^, = efo G(t)<itrf,. 







The explicit form for cr : R — >■ Mi x AI2 is found by inserting equation (I6.10p in (I6.6p . giving 
(6.11) 

a(a;) = ( y = w = (a; - /(2;))e-''o' - / e^o ^mt^^^ ^ ^^^^^ _ /'(^))e/cr G(t)dt^ 

Jo 

wyy = (5'(x) - fix) + [g{x) - f'{x))G{x)) efo oit)dt . 
x,v= f efo OW'^^ds, Vx = efo = G{x)efo ^(O^^t, = ^Gix)' + G'{x))efo O^t^ 
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The curve cti = tti o ct is then easily determined from equation (|6.1ip which in terms of the 
parameter y is, 

^1 (y) ^{y.w^{y~ f{y))efo ^W^^ _ /' e^o ^W'^^ds, Wy = (giy) - /'(y))e/o" o^t^ 
(6.12) -'o 

wyy = (g'iy) f"{y) + {giy) r{y))G{y))e^o G(t)<ity 

The curve a in equation (16. lip also projects to the curve (T2 = 7i'2 o cr 
(6.13) 

a2(x) ^ix,v= r eK v. = e^o G{t)dt ^ ^ G(t)dt^ ^^^^ ^ (G'(x)+G(a;)2)eJ'o^ ). 

Jo 

Now according to equation (|5.7p in Theorem l5.3l the solution to the PDE (|6.ip with Cauchy (|6.2I) 

is the image of the product of the curves in equation (|6.12l) and (|6.13p in Mi x M2 under the map 

^Gdiag ill equation (|6.5p . This gives 

V + w 
U — X 

^ ^ 'JfG{f)M 

(^■14) /; _ (/(y) _ y)^!S G(t)dt 

= a; + (/(y) - y)e/" + j^' e^o ^m^ds^ , 

where G'(i) is given in equation (j6.7p . It is easy to check that this solves the Cauchy problem (|6.2I) 
for the PDE (|6.ip . and is the analogue of D'Alembert's formula for the wave equation. 

For the initial data Ux{x^x) = \{f'{x) + g{x)) as in the introduction, it is easy to check that the 
solution is again ()6.14p where G{t) is given in equation ()1.2p . 

Example 6.2. In this next example we write the standard rank 3 Pfaffian system / for the non 
Monge- Ampere hyperbolic equation 

Suxxuly + 1 = 
on a 7-manifold M with coordinates {x,y,u,Ux,Uy,Uxy,Uyy) by 

/ = spanjdii — Uxdx — Uydy, dux H ^r-dx — Uxydy, duy — Uxydx — Uyydy}. 

SUyy 

The details of the canonical quotient representation for / are given in and we summarize 
them here. On the 5-manifolds Mi with coordinates (t,w,v,Vt,Vtt) and M2 with coordinates 
{s,q,P,Ps,Pss) let 

Ki — span{ dw — v^^dt, dv — Vfdt, dvt — Vu.dt }, 

(6.15) 

K2 = span{ dq - pl^ds, dp - psds, dps - Pssds }. 
The action of the group G ~ is given by, 

(a, b, c) ■ (t, w, V, Vt,vtt) ^ {t,w + a,v + b + ct,vt + c, Vu) 

ia,b,c) ■ {s,q,p,Ps,Pss) = (s,q - a,p~b + cs,Ps + c,Pss), a,b,ce R. 
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The quotient map qCdiag '■ Mi x M2 — M can be given in coordinates by 
(6.16) 

x = -2 — — , y ^ T^iVtt - Pss){t + s) + ps - Vt, 

s + r 2 

tvt + sps — p — V 1/ , 2 \ 

u = -q - w + 2 — [vtt + Pss) + 77 ( (2s - i Wt"t + (2t - s)p^^ - 2(s + tjvuPss) 

s + 1 3 

S + t S Vtt— t Pss 

Ux ^ P + V - tVt - Sps -\ — {(2t - sjVtt + [2s - t)Pss) , Uy = 2- 



6 ^ " ' " s + t 

_ 1 _ 2 

Xy — r,{t ~ S), Uyy 



2' " s + t 

from which is straightforward to check / = {Ki + K2) /Gdiag- 
Starting with the Cauchy data 7 : R ^ M 

7(e) = (x = Q,y = e,u = f{e),Ux = g{e),Uy = f'{e),Uxy = g'{e), Uyy = /"(e) ) 

The four-dimensional manifold P = q^^. (7(e)) C Afi x M2 can be computed from equation (|6.16p . 
Using the parameters e,w,v,Vt, we get 

P ^ {t^ h{e), w, V, Vt, Vtt = s = k{e), q = — — -w-f, 
(6-17) , ^ , ^ 

P = 9- -^jiTy + + '^J^ P^=^t+i- jjj, Pss = - ) 

where 

= j7j+9', and fc(e) = JJJ - 9' ■ 

The restriction of (-ft'i + -ftr2)|p is 

{Ki + K2)\p — span{ dw — h'de, dv — Vth'de, dvt — 2^'^^ ^' 

Taking the point pq = {e = 0,v — 0,w = 0,Vt — 0) ^ P we find the maximal integral manifold J of 
{Ki + K2)\p through pq to be 

vt{e) = \f^ h'f'dt v{e) = £ (^^' h'f'dr^ h'd^. w^^ /'(/')'^''^^- 

Here qGdiag(po) = (0' 0,u = f(.0),Ux = ff(0), Uy = g'{Q),Uyy = /"(O)) £ S. We finally get our solution 
from Theorem 15.31 



_ f'{6)-ne) 
k{5) + h{e) ' 

2/ = <5 + i/'(e)(M£) + m) + \rmh{^ - m) \nm5) + fh'd^, 

+ ^(2/'(e)/'(<5) + 2/'(e)2 - /'(^)2) + :^(2/'(<5)2 - /'(e)^ + 2/'(e)/'(5)). 
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Example 6.3. In this last example we consider the system of two partial differential equations, 

UXZ = 0, Uy^ = 

to demonstrate Sect ion The standard rank 4 Pfaffian system / for this system on the 11-manifold 
AI with coordinates {x, y, z, u, Ux, Uy, Uz,Uxx,Uxy, Uyy, Uzz) is given by 

(6.18) / = spanjdw — Uxdx — Uydy — Uzdz, dux — u^xdx — Uxydy, duy — Uxydx — Uyydy, duz — Uzzdz}. 

In this case we have ni = 2 and 712 = 1. The canonical quotient representation for the Darboux 
integrable system / is given by taking Mi — J^(R, R) and AI2 = J^(R^, R) with 

Ki = span{ dw — Wzdz, dwz — Wzzdz }, 

(6.19) 

K2 = span{ dv — Vxdx — Vydy, dv^ — Vxxdx — Vxydy, dvy — Vxydx — Vyydy }. 
Then / = {Ki + K2)/G where the action of G = R is given in coordinates by 

C- {z,W,Wz,Wzz) = {z,W + C,Wz,Wzz), 
^ ' y •) '^x : 1 '^xx 7 '^xy i ^yy) — {•^iV ^; "^x i ^y ; '^xx i ^xy ; '^yy^ : ^ ^ R- 

The quotient map qCdiag • -^1 ^ M written in the above coordinates is easily found to be, 

iGiiaAz, W, Wz,Wzz\X, y, V, Vx,Vy,VxX,Vxy,Vyy) = 

(6.20) 

[X,y,Z,U = W + V,Ux = Vx,Uy = Vy,Uz = Wz,Uxx = Vxx,Uxy = Vxy,Uyy = Vyy,Uzz = Wzz)- 

Let a{x,y) be a function of two variables and fc(^) a function of one, and let S be the following 
non-characteristic two dimensional integral manifold of /, 
(6.21) 

S ^ { x,y, z =^ X + y,u = a{x,y),Ux = fln - k{x + y),Uy = Uy - k{x + y),Uz = k{x + y), 

Uxx = axx - k'{x + y), Uxy = axy - k'{x + y),Uyy = ayy - k'{x + y),Uzz = k'{x + y) ). 

We proceed using Theorem 15.61 The set q^i^ (S) is the 3-dimensional manifold with parameters 

x,y,v easily determined from equations (|6.20p and (j6.21l) to be 

(6.22) 

•^cLg^*^) ^ i z ^ X + y,w ^ a{x,y) -v,,Wz ^ k{x + y),Uzz = k'{x + y) ; x,y,v,Vx = ax - k{x + y), 
Vy = fly - k(x + y),Vxx = axx - k'{x + y),Vxy = axy - k'{x + y),Vyy = ayy - k'{x + y) ). 

On cIq\,^^{S) we have from ((6T9l) . 

(6.23) {Ki+K2)\ -i = spa.n{dv - {ax - k'{x + y))dx - {ay - k'{x + y))dy}. 

We now find, as in Theorem l5.61 the maximal 2-dimensional integral manifold L for the Lie system 
in equation (|6.23p subject to the initial conditions {x — 0,y = 0, v{0, 0) = a(0, 0)). We get 

rx+y 

(6.24) v = a{x,y)- / k{Odt 

Jo 
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and this determines L C Mi x M2 in Theorem l5.6l With w = a{x,y) — v from equation (I6.22p where 
V is given in (|6.24|) . we find the manifolds Li in Lemma 15.71 to be (with m = 2 and n2 — 1) 



Li 



(6.25) 



7ri(L) = ( z, w : 
7r2(L) = ( = a{x,y) 



k{£,)dS^,w^ = /c(z),u;^^ = k'{z) ), 



kiO^t ax - + v)-Vy ^ ay - k{x + y), 



Uy — U,y 

Vxx = axx - k'{x + y),Vxy = Uxy - k'{x + y),Vyy = ayy - k'{x + y)). 

We now apply Theorem 15.81 to find the solution to the Cauchy problem. With u — w + v from 
equation ()6.20p and substituting for w and v in (|6.25p we have 

/■x+y 

u{x,y,z)=l k{£,)d£, + a{x,y) 
Jo 



kiOd^^aix,y)+ / kiOdC 

J x+y 



Appendix A. The classical theory and a second approach 

In this appendix we recall the classical theory for solving the Cauchy problem for Darboux 
integrable hyperbolic systems as given in Remark 9.4 of [3] (demonstrated in [S]) and then relate 
this approach to the approach taken to solve the initial value problem given by Theorem 15.31 This 
will lead to an alternative but equivalent method of solution to the Cauchy problem which again 
requires solving equations of fundamental Lie type. Example IA.4I below demonstrates the theory. 

We denote by I the Pfaffian exterior differential system (EDS) generated by the sections of /. If 
p : Af — > iV is a surjective submersion we define the reduction of Z by p as 



(A.l) 



X/p = { e n*{N) I Y>*eel}. 



If G is a symmetry group then I/G — I/(\g- For more details on EDS reduction see p]. 

Let I be a Darboux integrable hyperbolic Pfaffian system and let G,Mi,ICi be the data for the 
canonical quotient representation of I as in Theorem 14.21 or 14.11 Let tt^ : A/i x M2 -> Mi and let 
: Mi — )> M/Gi be the quotient maps. The compositions o tti and o 712 are invariant with 
respect to the diagonal action of G on Mi x M2 and therefore these maps factor through qcdiag- 
Accordingly we can define the surjective submersions p^ : M Mi/G so that the following diagram 
commutes, (see also equation 6.6 page 21 in [5]) 



(/Ci,Mi)^ 



■(/Ci +/C2,Mi X M2)- 



TT2 



->(^2,A/2 



(A.2) 



(/Ci/G,A/i/G)^ 



Pi 



■iI,M)- 



P2 



->(/C2/G,Af2/G). 



By commutativity of diagram (|A.2p we mean that the Pfaffian systems /C,; satisfy (see Theorem 
3.1 in [3]) 



(A.3) 



/C,/G = I/p, and (/Ci +/C2)/7r, ==/C, 



It is important to note that the maps qCdiag • (^1 + ^2, x M2) — > {I, M) and qj^ : (/Ci, Mi) 
{ICi/G,Mi/G) in diagram (jA.2[) all satisfy the hypothesis of Theorem 12.11 except that G may not 
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act transversally to K[ in which case ICi/G wiU not be a PfafSan system. This is demonstrated in 
Example El The maps Pi : (X, A/) — > (/Ci/G, A//Gi) are shown in [3] to be integrable extensions 
[7]. In particular the maps p; map integral manifolds of I to integral manifolds of K-i/G. 



A.l. The classical method. To describe the classical integration method we assmne that the 
two integrable distributions V°° and V°° are regular so that the two maps to the leaf spaces, 
Pi : A/ M / aim{V^) and p2 : A/ Af/ann(F°°) are smooth submersions. Using equation (lA.ll) 
we can then construct the following diagram, 

(A.4) (l/pi, M/ann(i^°°) ) < ^ (I, M) ^ > (z/p2, Af/ann(f^°°)) . 

The quotient spaces Af/ann(F°°) and Af/ann(V^°°) are thought of as the space of intermediate 
integrals in the sense 

V°° = f>\ (T*(Af/ann(i/°°))) and V°° = p* (r*(M/ann(i>°°))) . 

The first of these equations implies that if F : M / aim{V°") R, then ■p\{dF) takes values in 
and that a local basis of sections for can be constructed in this way. A similar statement holds 
for 

Let 7 : (a, 6) — ?■ Af be a non-characteristic integral curve of the Darboux integrable hyperbolic 
system I. To continue describing the classical solution to the Cauchy problem we project the curve 
7 into the space of intermediate integrals by 

(A. 5) 7j = Pj o 7, 

where 7^ are integral curves of I/pi. Now let N C M be the inverse image of the product curves 

N = (pi,P2)"^ (7i(a,^), 72(a,6) ) • 

Then Ij^v is a Frobenius system. By determining the maximal integral manifold of Ij^v through a 
point 7(^0) of Ijiv, one determines a local solution to the initial value problem. This is the classical 
method. 

It is important to note that in this classical method the Vessiot group G does not appear and 
there is no reason to expect that the Frobenius system X\n can be integrated by using equations of 
Lie type. 

A. 2. A second method and the comparison. The relationship between the classical method 
and Theorem 15.31 can be described using diagram (|A.2p once we make one key observation. Suppose 
that the manifolds Mi are connected, then the space of intermediate integrals Af/ann(F°°) and 
Af/ann(y°°) may be identified with the two quotient spaces Mi/G. In particular it is shown in 
Theorem 6.1 of [3] that 

(A.6) = pj {T*{Mi/G)) and = p^ (T^Ah/G)) . 

From diagram (|A.2|) . part [v] of Theorem 14.11 and (|2.3|) we have, 

ker(piO = qGa..,*(0 + TAh) = ann(y°°). 
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The fibres of pi are of tlie form qcdia (^^ii ^^2) which are connected since M2 is connected. Therefore 
by Theorem 3.18 in @], 



(A.7) 



M/V°° = Mi/G and I/pi ^ /Ci/G, 



where the first equivalence is by canonical diffeomorphism, and the second equivalence follows from 
the first equation in (jA.3|) . Similarly we have 



(A., 



M/V°° M2/G and I/P2 = /C2/G. 



Therefore diagram (jA.4l) can he identified with the bottom row of diagram (|A.2p . 

With the identifications (jA.7p and (|A.8p . we continue using diagram (jA.2p to relate the classical 
solution to the Cauchy problem described above and Theorem 15.31 From the initial data 7 define 
the maps 7^ : (a, 6) -> Mi/G by 



(A.9) 



7i = Pi ° 7- 



Note that with the identifications in equation (jA.7|) and (jA.Sp . the curves 7^ in (jA.5P and 7^ in (jA.9p 
are identified. The following lemma follows from the fact that pi : (I, M) — s> (/Ci/G, M^) are integral 
extensions. 

Lemma A.l. The curves 7^ : (a, &) — > Mi/G are integral curves of ICi/G. 

Recall now that in Theorem 15.31 we choose a point xq = 7(^0) a-nd a point (a;i,a;2) G Afi x M2 
with q(5jj^g(a;i,a;2) = a^o- We then let a : (a, 6) — > Mi x M2 be the lift of 7 obtained by Theorem 
12. II through the point cr(to) = (a:i,a;2). With 

(A. 10) ai = TTi o a 

defined in equation ()5.3p in Lemma l5.2| the solution to the initial value problem is given by f(t, s) = 
qGdiag(^i(0>cr2(s)) in equation dHZl). 

Putting the curves ^,a,cri and ji into the commutative diagram (IA.2I) . we have 



(/Ci+/C2,Mi X Af2) 



(A.ll) 



(X,M) 




(/C,/G,M,/G), 



Since q^. o CFi — ^i and the initial points of ai and 7^ satisfy 
(A.12) cr,(to)=a;,, 7«(io) = Pi(qGd,ag(a^i;a;2)) = Pj(a;o) = qG(c^»(*o)), 

we have by Theorem l2.1l and the commutative diagram (lA.lip that ai is the unique lift of 7^ through 
Xi which is an integral curve of ICi. 

In particular the curves ai in Theorem \5.3\ can be found from the curves ji, which are determined 
from the initial data 7 in (jA.9p , by solving two separate equations of fundamental Lie type. This 
gives us the following alternate method of solving the initial value problem. 
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Theorem A. 2. Let 7 : (a, b) — > M be a non- characteristic integral curve for the Darboux integrable 
hyperbolic Pfaffian system I. Let 7,; : (a, 6) — > Mi/G be the projection of "f to the two spaces Mi/G, 
and let <Ti : (a, b) — )■ Mi be the unique lift of to an integral curve of ICi on Mi satisfying the initial 
conditions in (jA.12p . Each curve cr,; is found by solving an equation of fundamental Lie type and 
the function 

(A.13) /(t,s) =qG,.,^(f7i(i), (72(5)), t,se{a,b) 

solves the Cauchy problem for 7. 

Theoreni l5.3l lifts the Cauchy data 7 to Mi x M2 and then projects to Mi and M2 to construct 
the solution /. While Theorem IA.2I projects the Cauchy data 7 to Mi/G and then lifts it to Mi to 
construct the same solution /. 

Finally under the identification of (jA.4[) with the bottom row of (jA.2[) the classical method 
constructs the solution to the initial value problem by integrating the Frobenius system X\iq where 
N is the inverse image of the projection of the Cauchy data to Mi/G. 

Remark A. 3. In the classical approach to solving the initial value problem, the curves 7^ in equation 
(jA.gp are thought of as (through equation (jA.GI) ) as prescribing the value of the intermediate integrals 
for I along the initial data. That is we are solving the "prescribed intermediate integral" problem. 
While in Theorem lA. 21 we view 7^ as prescribing "curvature invariants" of the curve ai which we are 
trying to find. Again see Example lA. 41 

Example A. 4. In this example we write the standard rank 3 Pfaffian system / for the Liouville 
equation 

on a 7-manifold AL with coordinates {x,y^u,Ux,Uy,Uxy,Uyy) by 

/ — span{(iM — Uxdx — Uydy, dux — Uxxdx — e^dy, duy — e^dx — Uyydy}. 
The intermediate integrals are given by 

(A.14) V°° = span{ dy, d ^Uyy - ^u^^ } and V°° = span{ dx, d (^Uxx - ^"x^ }• 

The details of the canonical quotient representation for / are given in ^ and we summarize 
them here. Let Ki and K2 be the standard contact system on J^(R, R) and J'^(R, R). In local 
coordinates {y,w,Wy,Wyy,Wyyy) and {x,v,Vx,Vxx-,Vxxt) we have 

Ki = span{ dw — Wydy, dwy — Wyydy, dwyy — Wyyydy }, 

(A.15) 

K2 = spanj dv - Vxdx, dvx - Vxxdx, dvxx - Vxxxdx }. 

Let 

Fi — span{ pr{wdw), pr{w'^dw) } and F2 — span{ dy, pr{vdy), pr{v'^dv) } 
be the Lie algebra of vector-fields given by the prolongation of the standard infinitesimal action of 
s[(2,R) acting on w and v, and let 

(A. 16) Fdiag = {dw - dv, pr{wdw) +pr{vdv), pr{w^dw) -pr{v'^dv) } 
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denote the diagonal action. On M, the open set where v,Vx,w,Wy > 0, the distribution Fdiag is 
regular and Af/Fdiag is 7 dimensional. The quotient map qraiag can be written in coordinates as 
(A.17) 

X ^ x,y ^y,u^ log — ^ ^ 2— — ,Uy = ^ - 2—^, 

V + W Vx V + W Wy V + w 

'^xxx ^xx '^^xx '^^x '^yyy ^yy '^^yy \ 



^XX — 9 , ' / , \ 9 1 ^VV — 9 " , '/,\9y' 

Vx Vx V + w (V + wy Wy Wy V + w (u + wY 

We now construct the lower part of diagram (jA.2p by computing the quotients {JCi/Ti,Mi/Ti). 
The projection maps into the differential invariants of Ti on are of course 

' w,, iwl ^ 



(A.18) 



W, Wy,Wyy, Wyyy) =1 y^y,S= " — ^ 

y Uly ZWy 

Vxxx SWj.j, 



qr2(a;,'y,Wx,Wxx,Wxxa;) = a; = s 



Vx 2vl 



where s and s" are the Schwartzian derivative of w{y) and Using the differential invariants s 

and s, the algebraic generators of the differential systems ICi can be written 

/Ci (dw - Wydy, dwy - Wyydy, dwyy - Wyyydy,ds A dy) alg, 

(A.19) 

IC2 = {dv — Vxdx, dvx — Vxxdx, dvxx — Vxxxdx, ds A dx),^\g. 
The quotients are then quickly computed from (|A.19|) in the coordinates from (lA.lSP to be 
(A.20) Ki/Ti = {ds Ady), and K2/T2 = {ds A dx) . 

Equation (jA.20p shows that an integral curve of /Ci/Fi can be simply thought of as a choice of 
projective curvature s = G{y) and an integral curve of K,^!^^ is another choice of projective curvature 
s = F{x). 

The projection maps pj : M — > Mi/Ti can be determined using the coordinates from equations 
COTl) and (^381) . We find 

(A.21) 



_ Wyyy _ '^'^yy ^ ^ 1 „ 

Wy 2wl ~ 2 y 

Vx 2vl " 2"-' 



and so 



(A.22) 



P1{X, y,U,Ux,Uy,UxX,Uyy) = ^ J/ = ^ , 5 = Uyy " ^ ^ 



P2{X, y,U,Ux,Uy,Uxx,Uyy) = X = X,S = M; 



1 2 



2 

Equations (jA.21l) and (|A.22[) shows that the intermediate integrals V°° and V°° are the pullback of 
the corresponding differential invariants of Ti on Mi which is the content of equation (|A.6p . 

We now consider the initial value problem for the non-characteristic integral manifold 7 : R ^ M 
of / given by, 
(A.23) 

= (x, 2/ = X, M = f{x), Ux = g{x),Uy = f'{x)+g{x), Uxx = g'{x)-e^^''\uyy = f" {x)+g' {x)-e^^''^) 
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The projected curves % — pi o j : M ~^ Mi /Ti are determined from (jA.22p and (jA.23l) to be 

(A.24) 7i(y) = ( y, s = G(2/) ), and j^{x) ^ { x, s ^ F{x) ) 

where 

(A.25) G{y) = f'{y) + g'{y) - e^^) - ^(/'(y) + g{y))\ and F{x) = g'{x) - e^^^) - \g{xf . 

The classical method of solving the initial value problem (jA.23|) given in Section lA.ll is to find the 
integral manifolds of the system of X restricted to (pi, p2)^^(y, G(j/), x, F(a;)) which is completely 
integrable. By equations (|A.9p . (|A.22p and (|A.25p we have, 

(A.26) (pi,p2)"^(y,G(y),x,F(a;)) = {x,y,u,u^,Uy, u^^ - ^ul = F{x), Uyy - = G{y) ), 

where G{y) and F{x) are in (jA.25p . The restriction of I to this subset is the completely integrable 
Pfaffian system corresponding to the over-determined system of PDE, 

1 o „ ,V.„N 1 



Uxx - ^u- = F{x) = g'{x) - e-''^^) - -g{xf , 



(A.27) 



hv - \< - G{y) = fiy) + g'{y) - e/('^) - + g{y)f 



The solution to (jA.27p solves the initial value problem (IA.23P for the Darboux integrable equation 



The alternative method for solving the initial value problem (jA.23p is presented in Theorem lA.2l 
In this case we must construct integral curves : R — >■ Mi of the contact systems /Cj such that 
^.Ti ° = li where 7/ are given in (|A.24I) . Using the expression for s and s from equation (jA.181) 
we seek curves w{y) and v{x) such that 

^ - 1% = G{y) = r{y) + g'{y) - e^y^ - + 

(A.28) '"f ' 

^(^) ^ _ e/(-) - 'gixf. 

Vx 2vi 2 

A solution to (jA.28P produces a solution to the initial value problem (jA.23P by determining the 
curves di in the formula (|A.13P in Theorem I A. 2 1 

It is worth pointing out that solving equations (jA.28p is a classical reconstruction problem in pro- 
jective differential geometry. That is, given the Schwartzian or projective curvature, s" = F(x),x £ 
(c, d), construct a curve a : (c, d) RP^ such that the Schwartzian derivative of a is F{x). This is 
well known to be equivalent to solving an equation of fundamental Lie type for the simple Lie group 
P5L(2,R). 
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